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How can we design computers that are

guaranteed to interact correctly with the

physical world?
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Hybrid Systems Analysis: Train Control

Challenge

Hybrid Systems

Continuous dynamics
(differential equations)

Discrete dynamics
(control decisions)
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Hybrid Systems Analysis: Train Control

Challenge

Hybrid Systems

Continuous dynamics
(differential equations)

Discrete dynamics
(control decisions)

1 More than computers: no NullPointerException 6⇒ safe

2 More than physics: braking control v 2 ≤ 2b(M − z) 6⇒ safe

3 Joint dynamics requires:
SB ≥ v 2

2b
+

a2ε2

2b
+

a

b
εv +

a

2
ε2 + εv . . .
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Discrete dynamics
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Hybrid Systems Analysis: Train Control

Challenge

Hybrid Systems

Continuous dynamics
(differential equations)

Discrete dynamics
(control decisions)

0
z
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SB ≥ v 2
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Logic for Hybrid Systems

differential dynamic logic

dL =

FOLR +

DL + HP

André Platzer.
Differential dynamic logic for hybrid systems.
J. Autom. Reas., 41(2):143–189, 2008.
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Logic for Hybrid Systems

differential dynamic logic

dL = FOLR

+ + HP

∀MA∃SB . . .

∀t≥0 . . .

z

v

M

v 2 ≤ 2b(M − z)

v ≤ 1 ∧ v 2 ≤ 2b(M − z)

v ≤ 1 ∨ v 2 ≤ 2b(M − z)

André Platzer.
Differential dynamic logic for hybrid systems.
J. Autom. Reas., 41(2):143–189, 2008.
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differential dynamic logic
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M

v ≤ 1

v ≤ 1 ∧ v 2 ≤ 2b(M − z)v ≤ 1 ∨ v 2 ≤ 2b(M − z)
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André Platzer (CMU) Theorem Proving for Dynamic Systems 4 / 13

http://symbolaris.com/meta/andre.html


Logic for Hybrid Systems

differential dynamic logic

dL = FOLR

+ + HP

∀MA∃SB . . .

∀t≥0 . . .

z

v

M

v ≤ 1 ∧ v 2 ≤ 2b(M − z)

v ≤ 1 ∨ v 2 ≤ 2b(M − z)
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Logic for Hybrid Systems

differential dynamic logic

dL = FOLR +

+ HP

v 2 ≤ 2b
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Logic for Hybrid Systems

differential dynamic logic

dL = FOLR + ML

+ HP

v 2 ≤ 2b

v 2 ≤ 2b

v 2 ≤ 2b

� v 2 ≤ 2b

André Platzer.
Differential dynamic logic for hybrid systems.
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Logic for Hybrid Systems

differential dynamic logic

dL = FOLR + DL

+ HP

v 2 ≤ 2b

v 2 ≤ 2b

v 2 ≤ 2b

[ ] v 2 ≤ 2b

André Platzer.
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Logic for Hybrid Systems

differential dynamic logic

dL = FOLR + DL + HP

v 2 ≤ 2b

v 2 ≤ 2b

v 2 ≤ 2b

[z ′′ = a] v 2 ≤ 2b

André Platzer.
Differential dynamic logic for hybrid systems.
J. Autom. Reas., 41(2):143–189, 2008.
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Logic for Hybrid Systems

differential dynamic logic

dL = FOLR + DL + HP

v 2 ≤ 2b

v 2 ≤ 2b

v 2 ≤ 2b

[if(z > SB) a :=−b; z ′′ = a] v 2 ≤ 2b

André Platzer.
Differential dynamic logic for hybrid systems.
J. Autom. Reas., 41(2):143–189, 2008.
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Logic for Hybrid Systems

differential dynamic logic

dL = FOLR + DL + HP

v 2 ≤ 2b

v 2 ≤ 2b

v 2 ≤ 2b

[ if(z > SB) a :=−b; z ′′ = a︸ ︷︷ ︸
hybrid program

] v 2 ≤ 2b

André Platzer.
Differential dynamic logic for hybrid systems.
J. Autom. Reas., 41(2):143–189, 2008.
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Logic for Hybrid Systems

differential dynamic logic

dL = FOLR + DL + HP

v 2 ≤ 2b

v 2 ≤ 2b

v 2 ≤ 2b

C → [ if(z > SB) a :=−b; z ′′ = a︸ ︷︷ ︸
hybrid program

] v 2 ≤ 2b

André Platzer.
Differential dynamic logic for hybrid systems.
J. Autom. Reas., 41(2):143–189, 2008.
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Safe Switching in Hybrid Systems
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André Platzer (CMU) Theorem Proving for Dynamic Systems 5 / 13

http://symbolaris.com/meta/andre.html


Safe Switching in Hybrid Systems

1

1
y

x
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Safe Switching in Hybrid Systems

1

1
y

x−2 ≤ a ≤ 2

∧ b2 ≥ 1

3
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Proof by Symbolic Decomposition

v w

〈x := f (x)〉φ

x := f (x)

φ

v w

〈x ′ = f (x)〉φ

x ′ = f (x)

φ

x := yx(t)
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Proof by Symbolic Decomposition

v

w1

w2

[α ∪ β]φ

α
φ

β
φ

α ∪ β

v s w

α;β

[α;β]φ
α

[β]φ
β

φ

v w

α∗

[α∗]φ
α

φ→ [α]φ

α α
φ
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Soundness and Completeness

Theorem (Relative Completeness)

dL calculus is a sound & complete axiomatization of hybrid systems
relative to differential equations. Proof Outline 15p

Corollary (Proof-theoretical Alignment)

verification of hybrid systems = verification of dynamical systems!

Corollary (Compositionality)

hybrid systems can be verified by recursive decomposition

André Platzer.
Differential dynamic logic for hybrid systems.
J. Autom. Reas., 41(2):143–189, 2008.
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Hybrid Systems Analysis: Air Traffic Control
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Hybrid Systems Analysis: Air Traffic Control





x1

x2

y1

y2

d

ω e

ς

̺

 x ′1 = −v1+v2 cosϑ+ ωx2

x ′2 = v2 sinϑ− ωx1

ϑ′ = %− ω
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Hybrid Systems Analysis: Air Traffic Control





x1

x2

y1

y2

d

ω e

ς

̺

 x ′1 = −v1+v2 cosϑ+ ωx2

x ′2 = v2 sinϑ− ωx1

ϑ′ = %− ω


Example (“Solving” differential equations)

x1(t) =
1

ω%

(
x1ω% cos tω − v2ω cos tω sinϑ+ v2ω cos tω cos t% sinϑ− v1% sin tω

+ x2ω% sin tω − v2ω cosϑ cos t% sin tω − v2ω
√

1− sinϑ2 sin tω

+ v2ω cosϑ cos tω sin t%+ v2ω sinϑ sin tω sin t%
)
. . .
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Idea: Exploit Vector Field of Differential Equations

“Definition” (Differential Invariant)

“Logical formula that remains true in the direction of the dynamics”
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Idea: Exploit Vector Field of Differential Equations

“Definition” (Differential Invariant)

“Logical formula that remains true in the direction of the dynamics”

¬ ¬FF F
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Differential Induction for Aircraft Roundabouts

` 2(x1 − y1)(−ω(x2 − y2)) + 2(x2 − y2)ω(x1 − y1) ≥ 0

` 2(x1 − y1)(d1 − e1) + 2(x2 − y2)(d2 − e2) ≥ 0

` ∂‖x−y‖2

∂x1
x ′1 + ∂‖x−y‖2

∂y1
y ′1 + ∂‖x−y‖2

∂x2
x ′2 + ∂‖x−y‖2

∂y2
y ′2 ≥ ∂p2

∂x1
x ′1 . . .

` [x ′1 = d1, d
′
1 = − ωd2, x

′
2 = d2, d

′
2 = ωd1, ..](x1 − y1)2 + (x2 − y2)2 ≥ p2

x

y

c

` −ωd2 + ωe2 = −ω(d2 − e2)

` ∂(d1−e1)
∂d1

d ′1 + ∂(d1−e1)
∂e1

e ′1 = −∂ω(x2−y2)
∂x2

x ′2 − ∂ω(x2−y2)
∂y2

y ′2

.. ` [d ′1 = − ωd2, e
′
1 = − ωe2, x

′
2 = d2, d

′
2 = ωd1, ..]d1 − e1 = −ω(x2 − y2)

refine dynamics by differential cut
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André Platzer (CMU) Theorem Proving for Dynamic Systems 9 / 13

http://symbolaris.com/meta/andre.html


Differential Induction for Aircraft Roundabouts

` 2(x1 − y1)(−ω(x2 − y2)) + 2(x2 − y2)ω(x1 − y1) ≥ 0
` 2(x1 − y1)(d1 − e1) + 2(x2 − y2)(d2 − e2) ≥ 0

` ∂‖x−y‖2

∂x1
d1 + ∂‖x−y‖2

∂y1
e1 + ∂‖x−y‖2

∂x2
d2 + ∂‖x−y‖2

∂y2
e2 ≥ ∂p2

∂x1
d1 . . .

` [x ′1 = d1, d
′
1 = − ωd2, x

′
2 = d2, d

′
2 = ωd1, ..](x1 − y1)2 + (x2 − y2)2 ≥ p2

c

x

y

d

e

x
−
y

e
d− e

` −ωd2 + ωe2 = −ω(d2 − e2)

` ∂(d1−e1)
∂d1

(−ωd2) + ∂(d1−e1)
∂e1

(−ωe2) = −∂ω(x2−y2)
∂x2

d2 − ∂ω(x2−y2)
∂y2

e2

.. ` [d ′1 = − ωd2, e
′
1 = − ωe2, x

′
2 = d2, d

′
2 = ωd1, ..]d1 − e1 = −ω(x2 − y2)

refine dynamics by differential cut
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Differential Induction & Differential Cuts
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Successful Hybrid Systems Analysis

far
neg

cor

recfsa

0 *

1

[SB := ((amax / b + 1) * ep * v + (v ^ 2 - d ^ 2) / (2 * b) + ((amax / b + 1) * amax * ep ^ 2) / 2)]

7

17

6

[?d >= 0 & do ^ 2 - d ^ 2 <= 2 * b * (m - mo) & vdes >= 0]

5

[vdes := *]

4

[d := *]

3

[m := *]

2

[mo := m]

[do := d]

8

[state := brake]

10

[?v <= vdes]

13

[?v >= vdes]

22

31

21

[{z‘ = v, v‘ = a, t‘ = 1, v >= 0 & t <= ep}]

18

28

17

[a := -b]

12

24

11

[?a >= 0 & a <= amax]

[a := *]

15

14

[?a <= 0 & a >= -b]

[a := *]

19

[t := 0]

*[?m - z <= SB | state = brake] [?m - z >= SB & state != brake]

x

y

c

c

x
entry

ex
it

y

c

x1

x2

y1

y2
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ω e

ϑ̄

̟
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Theorem Proving for Dynamic Systems

differential dynamic logic

dL = DL + HP [α]φ φ
α

Verifying hybrid systems:

Logic for hybrid systems++

Compositional calculi

Algorithms

Challenging applications

KeYmaera
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